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Chapter 1

Introduction

This project formalizes the definition of 𝐴∞-categories and constructs an 𝐴∞-endofunctor on a
variant of the KLRW category, which acts as a braid group invariant.
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Chapter 2

Gradings

Definition 1 (Parity group). The type of parities is ℤ/2ℤ, implemented as ZMod 2.

Definition 2 (Grading). A grading on a type 𝛽 consists of an additive commutative group
structure on 𝛽, together with homomorphisms

𝜙 ∶ ℤ → 𝛽, 𝜎 ∶ 𝛽 → ℤ/2ℤ,

such that 𝜎(𝜙(𝑛)) is the parity class of 𝑛 for every integer 𝑛.

Definition 3 (Integer shift). For a grading index 𝛽, is the image of 𝑛 ∈ ℤ under the distinguished
map 𝜙 ∶ ℤ → 𝛽.

Definition 4 (Graded 𝑅-module). For a commutative ring 𝑅, a graded 𝑅-module is a 𝛽-indexed
family of 𝑅-modules, implemented as a graded object in ModuleCat R.

Definition 5 (𝑅-linear graded quiver). An 𝑅-linear graded quiver on an object type Obj assigns
to each pair of objects (𝑋, 𝑌 ) a graded 𝑅-module of morphisms from 𝑋 to 𝑌 .
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Chapter 3

Stasheff Data

Definition 6 (Operation target degree). Given input degrees (𝑑0, … , 𝑑𝑛−1), the output degree
of the 𝑛-ary operation is

∑
𝑖

𝑑𝑖 + (2 − 𝑛),

where the final summand is interpreted using the grading shift .

Definition 7 (Stasheff target degree). The common degree of the arity-𝑛 Stasheff relation is

∑
𝑖

𝑑𝑖 + (3 − 𝑛)

in the grading index.

Definition 8 (Composable morphism type). For a string of objects and prescribed degrees, is
the 𝑖-th graded hom-module in that composable string.

Definition 9 (Operation target type). For a composable string of objects and degrees, this is
the graded hom-module in which the corresponding multilinear operation takes values.

Definition 10 (Indexed Stasheff term). Fix object-indexed operations 𝑚𝑛. For valid indices
(𝑟, 𝑠), is the term obtained by first applying the inner 𝑠-ary operation in positions 𝑟, … , 𝑟 +𝑠−1
and then applying the outer operation to the collapsed string.

Definition 11 (Stasheff sign parity). For a valid pair (𝑟, 𝑠), this is the parity

|𝑎𝑟+𝑠| + ⋯ + |𝑎𝑛−1| − (𝑛 − 𝑟 − 𝑠)

computed in .

Definition 12 (Stasheff sign). The integer sign attached to (𝑟, 𝑠) is (−1) raised to the parity
recorded by .

Definition 13 (Indexed Stasheff sum). The arity-𝑛 Stasheff sum is the signed sum of all valid
composites of an inner operation followed by an outer operation.

Definition 14 (Indexed Stasheff identities). An object-indexed family of multilinear operations
satisfies the Stasheff identities if every indexed Stasheff sum vanishes.
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Chapter 4

A-infinity Categories

Definition 15 (𝐴∞-precategory). An 𝐴∞-precategory over 𝑅 with object type Obj consists of
a graded 𝑅-linear quiver together with operations

𝑚𝑛

of the prescribed multilinear type for every positive arity 𝑛.

4.1 Chains
Definition 16 (Chain). A chain in an 𝐴∞-precategory consists of a positive length 𝑛, a string
of 𝑛 + 1 objects, and a degree assigned to each of the 𝑛 composable morphism slots.

Definition 17 (Chain source). The source of a chain is its initial object.

Definition 18 (Chain target). The target of a chain is its final object.

Definition 19 (Chain link type). For a chain and an index 𝑖, is the module of the 𝑖-th com-
posable morphism in that chain.

Definition 20 (Chain operation target). For a chain, this is the graded hom-module that receives
the corresponding multilinear operation.

4.2 Stasheff Identities
Definition 21 (Precategory Stasheff sum). The Stasheff sum of an 𝐴∞-precategory is the in-
dexed Stasheff sum formed from its structure maps.

Definition 22 (Precategory Stasheff property). An 𝐴∞-precategory satisfies the Stasheff iden-
tities when its structure maps define an object-indexed system satisfying .

Definition 23 (𝐴∞-category). An 𝐴∞-category is an 𝐴∞-precategory together with a proof
that its operations satisfy the Stasheff identities.

Lemma 24 (Stasheff sum vanishes in an 𝐴∞-category). For an 𝐴∞-category, every Stasheff
sum computed from the structure maps is equal to zero.
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Chapter 5

A-infinity Algebras

Definition 25 (𝐴∞-algebra structure). Let 𝐴 be a graded 𝑅-module. An 𝐴∞-algebra structure
on 𝐴 consists of multilinear operations

𝑚𝑛 ∶ 𝐴(𝑑0) ⊗ ⋯ ⊗ 𝐴(𝑑𝑛−1) → 𝐴(∑
𝑖

𝑑𝑖 + 2 − 𝑛)

for every positive arity 𝑛 and every choice of input degrees.

Definition 26 (Algebra to precategory). Any 𝐴∞-algebra structure determines a one-object
𝐴∞-precategory, with object type and constant hom-module equal to the underlying graded
module.

Definition 27 (Algebra Stasheff sum). The Stasheff sum of an 𝐴∞-algebra is the Stasheff sum
of its associated one-object 𝐴∞-precategory.

Definition 28 (Algebra Stasheff property). An 𝐴∞-algebra structure satisfies the Stasheff iden-
tities when every one of its Stasheff sums is zero.

Definition 29 (𝐴∞-algebra). An 𝐴∞-algebra is an 𝐴∞-algebra structure together with a proof
of the Stasheff identities.

Lemma 30 (Stasheff sum vanishes in an 𝐴∞-algebra). For an 𝐴∞-algebra, every algebraic
Stasheff sum is equal to zero.

Definition 31 (𝐴∞-algebra to precategory). An 𝐴∞-algebra canonically determines a one-object
𝐴∞-precategory.
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Chapter 6

KLRW Category

6.1 Overview

6.2 Computable Add
Definition 32. Let 𝒞 be a preadditive category. Then the computable additive completion of 𝒞,
denoted CMat(𝒞), has

• as objects, lists of elements in 𝒞.

• as morphisms, dependent matrices of morphisms in 𝒞. Specifically, if (𝐴0, 𝐴1, … , 𝐴𝑛), (𝐵0, 𝐵1, … , 𝐵𝑚) ∈
Ob ( Mat_(𝒞)), then

Hom ((𝐴0, 𝐴1, … , 𝐴𝑛), (𝐵0, 𝐵1, … , 𝐵𝑚))

=
⎧{
⎨{⎩

⎡⎢
⎣

𝑎00 ⋯ 𝑎0,𝑛−1
⋮ ⋱ ⋮

𝑎𝑚−1,0 ⋯ 𝑎𝑚−1,𝑛−1

⎤⎥
⎦

∶ 𝑎𝑖𝑗 ∈ Hom(𝐴𝑗, 𝐵𝑖)
⎫}
⎬}⎭

where 0 ≤ 𝑖 ≤ 𝑚 − 1 and 0 ≤ 𝑗 ≤ 𝑛 − 1.

• composition is defined by matrix multiplication

• identities are given by the identity matrix

(𝟙(𝐴0,…,𝐴𝑚))𝑖,𝑗 = {𝟙𝐴𝑖
reinterpreted as an element of Hom(𝐴𝑖, 𝐴𝑗) by casting along the equality if 𝑖 = 𝑗

0 if 𝑖 ≠ 𝑗
.

There is a fully faithful functor 𝐺 ∶ 𝒞 ⇒ CMat_(𝒞).
There is a fully faithful embedding functor 𝐹 ∶ CMat_(𝒞) ⇒ Mat_(𝒞). It is (nonconstruc-

tively) essentially surjective, so 𝐹 is an equivalence of categories.

Definition 33. Given 𝐴 = (𝐴0, … , 𝐴𝑛), 𝐵 = (𝐵0, … , 𝐵𝑛) ∈ CMat_(𝒞), the computable biprod-
uct of 𝐴 and 𝐵 is defined by 𝐴 ⊞𝑘 𝐵 = (𝐴0, … , 𝐴𝑛, 𝐵0, … , 𝐵𝑚)
Definition 34. For any 𝑍 ∈ CMat_(𝒞), the index type, denoted 𝜄𝑍, is the type {0, … , (len(𝑍)−
1)}, and the indexing function, 𝑋2 ∶ 𝜄𝑍 → 𝒞, is defined by 𝑋𝑍(𝑖) = 𝑍𝑖.
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Definition 35. Let 𝑛 ∈ ℕ. A positioning of 1 black strand with 𝑛 red strands is an element of
{0, … , 𝑛 + 1}. Given positionings of 𝑋 and 𝑌 , the strand set 𝑆𝑡𝑟𝑎𝑛𝑑𝑆𝑝𝑎𝑐𝑒𝑋,𝑌 = ℕ, representing
the number of dots. (Note here that StrandSpace𝑋,𝑌 does not depend on 𝑋 or 𝑌 , but with more
black strands it might).

Definition 36. If 𝑋, 𝑌 , 𝑍 are positionings of 1 black strand and 𝑛 red strands and 𝑎 ∈
StrandSpace𝑋,𝑌 , 𝑏 ∈ StrandSpace𝑌 ,𝑍, then their composition is given by

𝑏 ∘ 𝑎 = 𝑎 + 𝑏 + |𝑋 − 𝑌 | + |𝑌 − 𝑍| − |𝑋 − 𝑍|
2

= 𝑎 + 𝑏 + max(𝑥, 𝑦) + max(𝑦, 𝑧) − max(𝑥, 𝑧) − 𝑦

Definition 37. Fix a commutative ring 𝑅. The KLRW category of 1 black strand and 𝑛 red
strands, denoted KLRW category of 1 black strand and 𝑛 red strands, denoted KLRW𝑅

𝑛 , is given
by

• Ob(KLRW𝑅
𝑛 ) is the set of positionings of 1 black strand with 𝑛 red strands

• Hom(𝑋, 𝑌 ) is the free 𝑅-module generated by StrandSpace𝑋,𝑌 .

Composition in KLRW𝑅
𝑛 is defined by extending the composition of elements of the strand space

linearly.
Since each Hom(𝑋, 𝑌 ) is an 𝑅-module and composition is 𝑅-linear, KLRW𝑅

𝑛 is 𝑅-linear and
thus preadditive.

Definition 38. Let 𝒞 be a preadditive category with a zero object. Then a bounded cochain
complex of 𝒞 is a (ℤ-graded) cochain complex 𝐴• of 𝒞 equipped with a finite set 𝑆 called the
support, satisfying ∀𝑖 ∈ ℤ, 𝑖 ∈ 𝑆 ⇔ 𝐴𝑖 ≇ 0. Note that 𝑆 is uniquely determined by 𝐴•, though
included for computability.

6.3 Bounded Cochain Complexes
Definition 39. Let BK•(𝒞) denote the set of bounded cochain complexes in 𝒞. THen there is
a function 𝐹 ∶ BK•(𝒞) → 𝐾•(𝒞) which forgets the finiteness. Then we equip BK•(𝒞) with the
induced category structure of 𝐹 which makes 𝐹 into a fully faithful functor 𝐹 ∶ BK•(𝒞) → 𝐾•(𝒞).

6.4 Functor data and functor action
6.4.1 Functor data
We will now specify the data needed to define how a braiding functor acts. Let 𝑅, 𝑆, 𝑇 ∈ 𝒦ℒℛ𝒲.

The data of a braiding functor is given by the following functions:

𝛽0 ∶ 𝒦ℒℛ𝒲 → 𝐾•

𝛽1 ∶ Hom(𝑅, 𝑆) → Hom(𝛽0(𝑅), 𝛽0(𝑆))
𝛽2 ∶ Hom(𝑅, 𝑆) × Hom(𝑆, 𝑇 ) → Hom(𝛽0(𝑅), 𝛽0(𝑇 ))

In addition to these functions, there must also be proofs that they satisfy 𝐴∞ relations.
One can understand these functions as specifying how the functor acts on the generating

elements of our chain complex category. The action of the functor is as follows.
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6.4.2 The action of braiding on generators
Defining 𝛽0.𝑎𝑑𝑑
Firstly, we may extend the functions acting on 𝒦ℒℛ𝒲 to act on Add(𝒦ℒℛ𝒲) in a linear sense.
We define:

̂𝛽0 ∶ Add(𝒦ℒℛ𝒲) → 𝐾•

by setting:

̂𝛽0 (⨁
𝑖

𝑆𝑖) = ⨁
𝑖

𝛽0(𝑆𝑖)

Defining 𝛽1.𝑎𝑑𝑑
Extending the remaining two functions requires more care.

For 𝛽1, let ⨁𝑖 𝐴𝑖 and ⨁𝑗 𝐵𝑗 be objects in Add(𝒦ℒℛ𝒲). Let 𝑓 ∈ Hom (⨁𝑖 𝐴𝑖, ⨁𝑗 𝐵𝑗).
For each pair 𝑘, 𝑙, we project 𝑓 to its component 𝑓𝑘,𝑙 ∈ Hom(𝐴𝑘, 𝐵𝑙). We now create 𝑔𝑘,𝑙 ∈
Hom ( ̂𝛽0 (⨁𝑖 𝐴𝑖) , ̂𝛽0 (⨁𝑗 𝐵𝑗)) by extending this morphism. Formally, 𝑔𝑘,𝑙 is constructed by
composing the canonical projection, the mapped component, and the canonical injection:

̂𝛽0 (⨁
𝑖

𝐴𝑖) ↠ 𝛽0(𝐴𝑘)
𝛽1(𝑓𝑘,𝑙)
−−−−→ 𝛽0(𝐵𝑙) ↪ ̂𝛽0 (⨁

𝑗
𝐵𝑗)

Defining 𝛽2.𝑎𝑑𝑑
For 𝛽2, we construct the extension ̂𝛽2 analogously.

6.4.3 The action of braiding on the entire category
Defining 𝛽0.𝑓𝑢𝑙𝑙
Idea We now define the action of 𝛽 on a chain complex, i.e. the function

𝛽0.𝑓𝑢𝑙𝑙 ∶ 𝐾•𝐴𝑑𝑑𝐾𝐿𝑅𝑊 → 𝐾•𝐴𝑑𝑑𝐾𝐿𝑅𝑊.
The idea is as follows. The definition takes use of chain complexes of block matrices,

i.e. elements in 𝐾•𝐴𝑑𝑑𝐴𝑑𝑑𝐾𝐿𝑅𝑊 . After constructing an element there, we project into
𝐾•𝐴𝑑𝑑𝐾𝐿𝑅𝑊 .

Let 𝐴∗ denote the following cochain complex

⋯ → 0 → 𝐴ℓ 𝑑ℓ
−→ 𝐴ℓ+1 𝑑ℓ+1

−−→ ⋯ 𝑑𝑟−1
−−→ 𝐴𝑟 → 0 → ⋯

For any 𝐴𝑖, consider 𝐵∗
𝑖 ∶= 𝛽0.𝑎𝑑𝑑(𝐴𝑖) to be the following cochain complex:

⋯ → 0 → 𝐵ℓ𝑖
𝑖

𝑓ℓ𝑖
𝑖−−→ 𝐵ℓ𝑖+1

𝑖
𝑓ℓ𝑖+1

𝑖−−−→ ⋯
𝑓𝑟𝑖−1

𝑖−−−→ 𝐵𝑟𝑖
𝑖 → 0 → ⋯

where the left and right bounds are 𝑙𝑖 and 𝑟𝑖.
For any 𝑑𝑖 ∶ 𝐴𝑖− > 𝐴𝑖+1, we get 𝑔𝑖 ∶= 𝛽1.𝑎𝑑𝑑(𝑑𝑖) ∶ 𝐵∗

𝑖 → 𝐵∗
𝑖+1. For any two 𝑑𝑖 ∶ 𝐴𝑖− >

𝐴𝑖+1, 𝑑𝑖+1 ∶ 𝐴𝑖+1− > 𝐴𝑖+2, we get ℎ𝑖 ∶= 𝛽2.𝑎𝑑𝑑(𝑑𝑖, 𝑑𝑖+1) ∶ 𝐵∗
𝑖 → 𝐵∗

𝑖+2[1]. This gives rise to the
following lattice:
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⋯ 0 𝐵𝐿
ℓ 𝐵𝐿+1

ℓ ⋯ 𝐵𝑅−1
ℓ 𝐵𝑅

ℓ 0 ⋯

⋯ 0 𝐵𝐿
ℓ+1 𝐵𝐿+1

ℓ+1 ⋯ 𝐵𝑅−1
ℓ+1 𝐵𝑅

ℓ+1 0 ⋯

⋯ 0 𝐵𝐿
ℓ+2 𝐵𝐿+1

ℓ+2 ⋯ 𝐵𝑅−1
ℓ+2 𝐵𝑅

ℓ+2 0 ⋯

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

⋯ 0 𝐵𝐿
𝑟−1 𝐵𝐿+1

𝑟−1 ⋯ 𝐵𝑅−1
𝑟−1 𝐵𝑅

𝑟−1 0 ⋯

⋯ 0 𝐵𝐿𝑟 𝐵𝐿+1𝑟 ⋯ 𝐵𝑅−1𝑟 𝐵𝑅𝑟 0 ⋯

The cochain complex which we want, is then obtained by taking direct sums along the diag-
onals. The 𝐴∞-relations ensure that the resulting object is a cochain complex.

Detailed Construction Refer to the objects 𝐴∗, 𝐵∗
𝑖 , 𝑔𝑖, ℎ𝑖 as defined above.

Construct first the following object in 𝐾•𝐴𝑑𝑑𝐴𝑑𝑑𝐾𝐿𝑅𝑊 .
The objects of the chain complex will be ℤ-indexed, where each entry is a list of elements in

𝐴𝑑𝑑𝐾𝐿𝑅𝑊 . For an index 𝑘, the element will be the list 𝐵𝑘 ∶= [𝐵𝑘
𝑙 , 𝐵𝑘−1

𝑙+1 , … , 𝐵𝑘−𝑟+𝑙
𝑟 ].

The bounds are as follows. If 𝐿𝑖 and 𝑅𝑖 is the lower and upper bound of 𝐵𝑖, then our lower
bound will be 𝑚𝑖𝑛(𝐿𝑖 − 𝑖) and the upper bound will be 𝑚𝑎𝑥(𝑅𝑖 − 𝑖). The entry will be the 0-list
outside the bounds.

The morphisms will be block matrices, where each entry in the matrix is a morphism between
entries in the lists (and thus matrices). For 𝑘 in these bounds, the morphism 𝐵𝑘 → 𝐵𝑘+1 is given
by the lower-triangular matrix of the form

⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑓 0 0 0 ⋯ 0
𝑔 𝑓 0 0 ⋯ 0
ℎ 𝑔 𝑓 0 ⋯ 0
0 ℎ 𝑔 𝑓 ⋯ 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 0 ⋯ 𝑓

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠

The 𝑓 ’s are the differentials of 𝐵∗
𝑖 , the 𝑔’s are the chain maps, and the ℎ’s are the correction

maps. Indices are omitted, but should be possible to infer.
For this to be a differential, it would need to square to 0. This gives rise to the following

equations:

𝑓2 = 0 (6.1)
𝑓𝑔 + 𝑔𝑓 = 0 (6.2)

𝑓ℎ + 𝑔2 + ℎ𝑓 = 0 (6.3)
𝑔ℎ + ℎ𝑔 = 0 (6.4)

ℎ2 = 0 (6.5)

These can be interpreted as follows:

• Equation 6.1 ensures 𝑓 is a differential.
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• Equation 6.2 ensures 𝑔 is a chain map: it is 𝑆𝐹1 applied to the input differential 𝑑𝑖.

• Equation 6.3, 6.4 and 6.5 are the equations corresponding to 𝑆𝐹2, 𝑆𝐹3 and 𝑆𝐹4 respectively,
after simplifying with the source differential relation 𝑑𝑖+1𝑑𝑖 = 0.

6.4.4 Satisfying A-∞ axioms
The category 𝐾•(Add(𝐾𝐿𝑅𝑊)) only has differential 𝜇1 and composition 𝜇2. Similarly, the
braiding functor has no components higher than 𝛽2. Therefore the general [SF𝑛] axioms for A-∞
functors reduce to a finite list. They are, in particular, the following axioms.

[SF1]. For all 𝑓 ∈ HomKLRW(𝐴, 𝐵),

𝛿𝛽0(𝐵) ∘ 𝛽1(𝑓) + 𝛽1(𝑓) ∘ 𝛿𝛽0(𝐴) = 0.

That is, 𝛽1(𝑓) is a chain map from 𝛽0(𝐴) to 𝛽0(𝐵).
Remark 40. This axiom is automatic from the typing of 𝛽1: its codomain consists of morphisms
of cochain complexes, which by definition commute with differentials.

[SF2]. For all composable 𝑓 ∈ HomKLRW(𝐴, 𝐵) and 𝑔 ∈ HomKLRW(𝐵, 𝐶),

𝛽1(𝑔 ∘ 𝑓) − 𝛽1(𝑔) ∘ 𝛽1(𝑓) = 𝛿𝛽0(𝐶) ∘ 𝛽2(𝑓, 𝑔) + 𝛽2(𝑓, 𝑔) ∘ 𝛿𝛽0(𝐴).

[SF3]. For all 𝑓 ∈ HomKLRW(𝐴, 𝐵), 𝑔 ∈ HomKLRW(𝐵, 𝐶), and ℎ ∈ HomKLRW(𝐶, 𝐷),

𝛽2(𝑓, ℎ ∘ 𝑔) − 𝛽2(𝑔 ∘ 𝑓, ℎ) = 𝛽1(ℎ) ∘ 𝛽2(𝑓, 𝑔) − 𝛽2(𝑔, ℎ) ∘ 𝛽1(𝑓).

[SF4]. For all (composable) 𝑓 ∈ HomKLRW(𝐴, 𝐵), 𝑔 ∈ HomKLRW(𝐵, 𝐶), ℎ ∈ HomKLRW(𝐶, 𝐷),
and 𝑘 ∈ HomKLRW(𝐷, 𝐸),

𝛽2(ℎ, 𝑘) ∘ 𝛽2(𝑓, 𝑔) = 0.
Remark 41. Since 𝛽2 produces degree −1 maps, their composition has degree −2. This axiom
says this composition vanishes. For 𝑛 ≥ 5, all [SF𝑛] axioms are identically zero because every
term involves either 𝛽𝑘 with 𝑘 ≥ 3 or 𝜇𝑘 with 𝑘 ≥ 3, both of which are zero.
Remark 42.

6.5 Proofs of the braiding functor satisfying A-∞ axioms

6.6 Generating the beta data
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